/ N
i

i)

il

i

adaptive

il

/

—

/

h

|
_,

=

e

e

\\\@@ 0 |
%\%ﬁ__ f

%\ _/
i
.

e —

e

—
— e

/
[

—
=

i
i

 e——

e

e

o
s

e

e

e

===

T
e
=

2

i

e

=

R

=

R
,.,/_,, _

f

s

|
o
e

S

i)
e
2%‘:3‘::
AT
._.&..3‘.‘,.‘.‘.“
WA

oA
A0
:.‘_-oz‘.:

i
o

e

o
SRR
s
e

RN

o

Wi
i

<
SIS

Coo

o,
=%
oS

- 1

bl
)
BN

SR

e

4

SIS

P

25
““

-y

BOTSE
s

o3
508

e
S05SS
=

<5

i

e,
305

<5

ot

o

Ry

oS
<5
P

-
e
“'."

5%

e
(]
.
e O ...”.,:.

<
r

s

O

=

4
iy
(i 4
OOAAAX
A
SRV
ARIEREEOR
R0
OONOALEOAN
.o..".”..&."......"’.....",.&".,, e
,.".“.”..z...‘.”."."..“.".“,."."......."....".....z
SRR AR
e
R
RO
SRR
AR
AROARORI
SOOI
AR
RNORR
,4@”@%%@%?,
| _ NN

3

S
e
[ ____.,:.__

inforcement Approach

Discrete Time Hedging with Trading Cost
ilin Liu, Philip Sun

A Re
Y

Confidential— Please Do Not Distribute

Investment Presentation




Presentation Overview

@ Introduction to Adaptive ML/AI
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The Problem

® Architecture
Transformer Encoder
Reinforcement Learning
Training Process
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Effect of Trading Cost
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@ Future Applications
Option Pricing under Risk Analytics
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The Problem

e Adaptive offers personalized downside protection
recommendations for customers’ investment portfolios. To
reduce the sell-side risk, we hedge the option with underlyings.

e Ostensibly, delta hedging is easy to implement. However, it is
suboptimal for discrete time trading.

e Our team seeks to develop a discrete time model with Al
techniques that takes trading cost into consideration.
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Architecture

Time Series Features Output Distribution

Actor
Policy.
FCLayers

Extracted Features Decision Density

Discounted Policy Advantage
Rewards

Target

&

Average Rewards.

FC Layers

Critic

Figure 1: Al Hedging Architecture
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Incorporating Time Series Features

e We use transformer models to incorporate time series as
input, following are some advantages over recursive
frameworks (e.g. RNN, LSTM, GRU):

® Vanishing gradient problem
® Computational efficiency
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Transformer Encoder

Extracted Features.

= e

Transformer Encoder

Time-series Features

Figure 2: Feature Extraction
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Positional Encoding

sin (nz,/d) if i is even

cos (nZli(/d) Otherwise

x: original embedding

k: position in the time-series

e j: correspond to the 2/ and (2i + 1)-th dimension of the
embedding

e n: maximum lenth of input series
e d: embedding dimension, must be even
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Positional Encoding

Figure 3: n = 4096 Figure 4: n= 64
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Reinforcement Learning

e Pros

® Aims to solve optimal control problems

® |nteractive environment allows us to take trading cost/price
impact into account

® More interpretable - the policy outputs distribution instead of
single value

e Cons

® Much greater variance

® Requires more computation power (memory, cpu time, etc.)
We plan to train this in AWS Sagemaker.
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Confidence Region

Problem

Find the Region in hedge ratio space that has a 95% chance
including the best hedge ratio.

Note: the decision density m; does not say anything about the best
ratio, but definitely is a natural proxy for uncertainty
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Conformal Prediction

* For each state S;, we can estimate the best hedge A; ratio by

simulation.
e Define the score:
Ep = (g, mi(Py)) = / ) (a) dA
{acAlm(ht)<=m(a)}

e Simulate enough number of E;$, and let

A HE<g)
= f {———— >
9= CEy

be the a quantile of E; (o = 0.95)
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Conformal Prediction (Cont'd)

e For a new observation S; and 7; corresponds to it, we may find

{alp<=m(a)}

to be the desire confidence region, where

p = sup {f] < / m1(a) dA}
peR* {acAlmi(a)>=p}

e i.e. the inverse image m; ' (f| (§)) defines its boundary.
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Proximal Policy Optimization

e PPO is an state of art actor-critic framework that utilize policy
gradient to optimize rewards according to the policy density
and action advantage.

e |oss formulation:

L(s,a,d,0) = min (779 (a|S)A”§ (s,a), clip (779 (a|s)> A" (s, a))
)

5 (als) (1—c1+e) \7g (a[S)

s - state

a - action

6 - policy parameter

g - fixed policy parameter
A - advantage
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PPO Loss Visualization

Figure 5: PPO Loss
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Training Process

@ Data - historical price of options and underlyings, and other
common data (e.g. risk free rate). Provided by Algoseek

@ Calibrate SDE models(e.g. Heston, Merton) parameters with
historical data

© Fit the parameter set to a joint distribution using Copulas

@ lteratively train the neural networks:
Simulate underlying dynamic and store/update the paths in
agents memory pool
Optimize the policy(actor) and baseline(critic) networks in an
interleaving manner
® Freeze the transformer encoder weights and fit the baseline
network to discounted rewards
® Unfreeze the transformer encoder weights and update policy
network according to the PPO Loss

Evaluate the out of sample performace
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Yilin L., Philip S. (Adaptive Investments) Al Hedging September 19, 2023 16/34



Training Process (Cont'd)

Time Series Features Output Distribution

Actor
Policy.
FCLayers

Extracted Features Decision Density

Discounted Policy Advantage
Rewards

Target

&

Average Rewards.

FC Layers

Critic

Figure 6: Al Hedging Architecture
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Validation Score

-10

-30

o 200 400 00 00 1000

Figure 7: Average Downside
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Effect of Trading Cost

Top - Without trading cost
Bottom - With 1% commision cost

R s el
A M«\Jf\r\ NI ’V'A?W)*“f«*\y
A a

Figure 8: Wealth Process Comparison
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Return Distributions

Figure 9: Distribution at Expiry
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Return Distributions (Cont'd)

Figure 10: Full Path Distribution
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Statistics

Mean Volatility Skewness Kurtosis Quadratic HE

Delta Hedging -0.25935 53.4690  10.33 226,50  10374.60
Al Hedging 0.46386 9.6676 24.65 750.51 5313.29
Down Side:

Mean Volatility Kurtosis CVaR Quadratic HE

-3.53785 25.67 727.194  -40.8338 6038.9706
-0.69568 1.8696 4145817 -2.3849  95.8725

Delta Hedging
Al Hedging
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Perfect Delta Does not Help!

Figure 11: v.s. Perfect Delta
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Future Applications
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Equal Risk Pricing

The Idea

Assume two hedgers, Alice and Bob, are hedging an derivative with
underlyings. Alice takes a long position in option, while Bob takes
the short position. The derivative price is fair if it makes both Alice
and Bob undergoes same amount of residual risk.

A CVaR Example:

e Let the risk be measured using CVaR,

e Denote the wealth process of two agents by Wfa(Ct, St), and
Wf"(Ct, St), where 65 and 4, are strategies they follows, with
+1 position fixed in the derivative C;

e The Equal Risk Price Gy is the value which satisfies the
following equation:

i?af{CVaRa(W%(CACO, Si))} = i?bf{CVaRa(Wib(CACo, Si)}
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Risk Aversion Calibration

The equal risk price depends on the level of risk aversion - «
We could calibrate this parameter using historical data

This could help filling in missing/arbitrage values in the option
data
However, this cannot be applied in real-time.

® the optimization process is time consuming
® One sided calibration is unstable
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Risk Metric and Pricing Kernel

Utility and pricing kernel is another description of risk aversion
The Euler equation of the consumption model implies

E[¢X] = Cov[¢, X] + E[¢] E[X]

® Hence v := —rCov|¢, X] is also a proxy for extent of risk
aversion.

Since both o and v has a monotone relation with risk aversion,
the bijection ao +— v exists
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Risk Metric and Pricing Kernel (Cont'd)

Theorem (Ross Recovery)

If there is No Arbitrage, if the state price matrix P is irreducible, and
if it is generated by a transition independent kernel, then there
exists a unique (positive) solution to the problem of finding the
natural probability transition matrix, F, the discount rate, 4, and
the pricing kernel, ¢. In other words, for any given set of state
prices there is a unique compatible natural measure and a unique
pricing kernel.
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Risk Metric and Pricing Kernel (Cont'd)

We have

F = (%)DPD—RFe —e

, Where D = Lg(q?o"g")
Let D-'e = z, we have Pz = §z
We recognize this is the eigen-decomposition of P

By Perron-Frobenius Theorem, P being a non-negative
irreducible matrix, exists an unique positive eigen-value

Since ¢ must be positive, it must be the eigen-vector
corresponding to this largest eigen-value.
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Risk Metric and Pricing Kernel (Cont'd)

¢ Note the pricing kernel can be calculated without iterations

¢ If we may find any relation o +— + in the historical data, we
could estimate the market's aggregated « value.

e This allow us to calculate risk equal price of derivatives in real
time!
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