


Main results

An objective function that addresses

What do you need and when do you need it?

Horizon matters, i.e. your portfolio depends explicitly on
Investment horizon

— If you care about shortfall more than you care about surplus

— Even if returns are iid

Tactical becomes strategic
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Working paper

Investment Horizon and Portfolio Selection
Martin Tarlie, 2016

https://ssrn.com/abstract=2854336
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Another working paper

Optimal Holdings of Active, Passive, and Smart Beta Strategies
Edmund Bellord, Joshua Livnat, Dan Porter, and Martin Tarlie
2017

https://ssrn.com/abstract=2987924
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6. Risk aversion

What do you need and when do you need it?
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Investment horizon

Why does investment horizon matter for your portfolio?

* Natural question

When do you need your money?

« An eternal asset allocation question

Are stocks more attractive in the long run?
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Horizon sensitivity — conventional paradigm

When does your portfolio depend on horizon?

Logarithmic Constant Relative
Utility Risk Aversion

ld returns

No

No

Mean reverting
expected returns

NO

YES
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Horizon sensitivity

When does your portfolio depend on horizon?

Constant Piecewise Power
Relative Risk | Utility + Asymmetric
Aversion Preferences

Logarithmic

Utility

lid returns No No YES

Mean reverting

No YES YES
expected returns
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Where on the efficient frontier?

How much do you care about the variability of your portfolio (or wealth)?
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Extending mean variance

Investment risk is not having what you need when you need it

« Focusing on the needs and circumstances of the investor leads to an
expanded set of questions

1. What do you need/desire?
2.  How much do you care about not achieving your need/desire?
3. What do you have?

4. When do you need/desire it?

What do you need and when do you need it?
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2. Operationalizing the what

What do you need and when do you need it?
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Extending mean variance

Investment risk is not having what you need when you need it

« Focusing on the needs and circumstances of the investor leads to an
expanded set of questions

1. What do you need/desire?

— Introduce a wealth target

2. How much do you care about not achieving your need/desire?

— Asymmetric preferences to shortfall and surplus

3.  What do you have?

4. When do you need/desire it?

What do you need and when do you need it?
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Operationalizing the what

Wealth target + piecewise power law utility

1.5

0.5 —

Utility

]
| |
0.6 . 1 1.2 1.4
W/W*

-1.5
0.4

W* = wealth target
QM
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Operationalizing the what — the algebra

Wealth target + piecewise power law utility

1.5

0.5

Utility

-1.5

Shortfall
|1— A\ \W"

1—A¢

. ——
K __.—-—-—-—-—-—
.t ____-—-—
-
—___—-—
-
-
-
-
-
-
-
-
-

Surplus
1-A, (W)l"A” .
11— A, |\ \W*

| | |
1.8

|
1.2 1.4 1.6

2

1
W/W*

* Risk aversion at the target is a measure of this asymmetry
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«  Asymmetry between attitude to shortfall and surplus is the key driver of horizon sensitivity
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Basic building block

Power law utility

1—A
U(W)=|1_A| Wi-A

» Workhorse utility in financial economics

* Risk aversion (Arrow-Pratt, relative)
1 UII

w U’

— Risk averse: A > 0
— Risk seeking: A < 0

— Risk neutral: A =0
— Note: W =wealth, , A # 1,U' = U /oW
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Power law utility and mean variance

Mean variance ~ power law utility

- Mean variance objective

! . IZ
ux Zx X

« For power law utility and lognormally distributed wealth

E[W1-4] = o (=) (In E[W] L var(nw))

This expression follows from

E[Wl_A] _ e(l—A)E[ln W]+(1_2A)2Var(ln w)

and using the fact that
Var(InW)

InE[W] =E[InW] + >
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Expected shortfall

Focus on expected shortfall, analogous results for expected surplus

* Expected shortfall utility

wi(1—Ag [ w4
c1>=j0 1o, (=) 1|t Pwaw

\ )\ J
| !

Utility of shortfall Probability of shortfall

— The probability weighted sum of the utility of shortfall for all values of wealth less
than the target
— Wealth is lognormally distributed, so

(In W—E[ln W])?
2Var(Inw)

p(W) =

W\/ 2ntVar(InW)
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Expected utility — shortfall plus surplus

 Explicit objective function (see Appendix and working paper for details)

Shortfall Surplus
A \
[ | [ |

ag cb(}?[ln W]}, V\ar(ln W}) ;W*, Ap) + az I(E[ln W], Var(In W); W*, 4,)
|

\ mean varianceH }
Y Y

Depend on how you invest Investor preferences

— Five preference parameters
- W™ =target wealth
Ay risk aversion below the target

« A, risk aversion above the target
* a4 and a, are the weights on expected utility of shortfall and surplus

- Same ingredients as mean-variance objective function
— Mean variance has a single risk aversion parameter

QM
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Interpretation of shortfall

« Expected shortfall accounts for probability and magnitude of shortfall

W*

\ J \ J
| !

W 1—A¢
O ~—P(W<W")+E [(—) ]p(W < WHe~(-Ag)Varinw))

Probability of shortfall Captures magnitude of shortfall

« This objective function nests the pure probability of shortfall objective

lim ® ~—P(W <W*
A(P—)—OO
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A general framework

Piecewise power law + asymmetric preferences

* An objective function that extends the mean-variance paradigm
« Applies to both absolute and relative problems
« Think balance sheet: wealth = assets — liabilities

- Liabilities define the benchmark
— Consumption in retirement (think target date fund)
— Plan sponsor with a policy benchmark
— Pension plan with cash flow liabilities
— S&P 500 for a benchmarked equity manager

« Natural extensions
— Multiple wealth targets
— Range of horizons, rather than a single point in time

19 QMG'



A

. Operationalizing the when

What do you need and when do you need it?
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Operationalizing the when

To operationalize the when, need a model of asset returns

* (Log) asset returns are normally distributed — tied to our assumption of lognormally
distributed wealth

d In R;(t) = 1;(t) dt + ox;dBf(¢t)
\ V J \ V J
Expected return  Unexpected return

* Wealth dynamics

J

W(t+dt) = z (W (®)x;(t)} e?nRi(®)

!

Amount invested in asset i Return on asset i

dBR(t) is a standard Wiener increment, and ¥; x;(t) = 1
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Visualizing the when

25% —
20% —
> Shortfall
= 15%
@
2 Surplus
a 10% —
5% —
o O .y $2
$1\ What you need
S Wealth

Years /
When you need it
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Target compounding rate

Once we introduce time, the target compounding rate emerges

» Target compounding rate (TCR)

W*(T) = W(O)eTCR*T.\
| Y ) | )

What you need What you have When you need it
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1.
2.
3.
4. Asset allocation example
D.

6.

What do you need and when do you need it?
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Utility function — pure shortfall

a¢ = 1,a,,= O,A¢ =0

1.5
.. » Pain of shortfall increases > No credit for surplus
linearly with deviation
from target
" » Risk neutral below target i
2
£ or
)
0.5 — _
1z —
| |
0.6 0.8 1 1.2 1.4 1.6 1.8 2
W/W*

-1.5
0.2 0.4
QM
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Asset returns — Iid

- Constant expected returns

din Ri(t) — fi dt + O'RidBlR(t)
-

Constant expected return

* Stock and bond characteristics

S oo Bonus

Expected real return (7;) 6% 2.5%
Volatility (oz;) 17.5% 7.3%

— Assume return correlation equals zero
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Objective function

Two ingredients — mean and variance — depend on investment choices

 Obijective function

Expected log wealth Variance of log wealth
\ \

( o \
®(E[In W (T)],Var(In W(T)); TCR, Ag)
\ J ;
Y Y
Depend on how you invest Investor preferences

— Mean and variance depend on the weights x;(t) invested in asset i attime t
— Explicit formulas for mean and variance for iid returns

T
Var(InW(T)) = j dt x'(t) £ x(t)
0

T
E[InW(T)] = InW(0) + j dtu' x(t) — %Var(ln Ww(T))
0

Note: u; =1; + %aiz is the expected arithmetic return on asset i
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Optimization

Two ingredients — mean and variance — depend on investment choices

* Objective function ® depends on the term structure of portfolios (i.e. x;(t)) over
the entire investment horizon

- Directly optimizing @ generates a term structure of optimal portfolios x;(t) over
the entire investment horizon

— The portfolio that matters today is the “current” (i.e. t = 0) portfolio x*(0)

— The optimal portfolios for t > 0 reflect the stochastic evolution of wealth
(c.f. two period binomial model)
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An example — stock-bond allocation

Optimize pure shortfall utility function: ag=1,a; =0,45 =0

Stock weights x*(0) as a function of target compounding rate and horizon

Target
Compounding
Rate
2% 24% 29% 31% 33% 35% 38%
3% 25% 31% 35% 38% 41% 47%
4% 26% 34% 40% 44% 49% 59%
5% 28% 38% 46% 52% 59% 74%
6% 29% 43% 53% 61% 70% 89%
7% 31% 49% 61% 71% 82%  104%

Assume return correlation of zero between stocks and bonds
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Reward and investment risk

Constant target compounding rate, vary horizon

TCR =5%
121 | | | :
stock wgt=74%
T =20
1 L —
o8l stock wgt=67% |
= T=1
=
s
éO.G - stock wgt=59% -
= T =10
£
0.4 - | . q .
stock wgt—d6% ncreasing rewar
T=5
0.2 > -
stock wgt=28% Increasing risk
O | | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Investment risk (-®)
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Reward and investment risk

Constant horizon, vary target compounding rate (TCR)

0.58

0.42

0.4

2%

St

T = 10 years

stock wgt=82%
TCR = 7%

stock wgt=59%
TCR = 5%

Increasing reward

stock wgt=41%
TCR = 3%

>

Increasing risk

4% 6% 8% 10% 12% 14%
Investment risk (-®)
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Compare to pure power law

(aka mean variance)

Optimize pure shortfall utility function: ag=1,a; =0,44 =10

Stock weights as a function of target compounding rate and horizon Power utility weights
Target

Compounding A Weight
Rate
2% 24% 29% 31% 33% 35% 38% 6 37%
3% 25% 31% 35% 38% 41% 47% 5 41%
4% 26% 34% 40% 44% 49% 59% 4 48%
5% 28% 38% 46% 52% 59% 74% 3 59%
6% 29% 43% 53% 61% 70% 89% 2 81%
7% 31% 49% 61% 71% 82%  104% 0.5 103%

Assume return correlation of zero between stocks and bonds
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Where on the efficient frontier?

What’s your target compounding rate and horizon?
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Where on the efficient frontier?

What’s your target compounding rate and horizon?
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Where on the efficient frontier?

What’s your target compounding rate and horizon?
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Where on the efficient frontier?

What’s your target compounding rate and horizon?

0.06 -

-----
wunt
et
wust
wunt
L
wet
wet
et
wet

—2 =T 19 TCR=7%
0.055 r‘_,,.—“"' _
=T = 20, TCR=5%

A=3 _""T =6, TCR=T%
_=%T =10, TCR=5%

0.05 -

/"

o
0.045 T = 20, TCR=3% i

A=6 07"
AT = 3, TCR=5%

ST =3 TCR=3%
4
/

0035+ } -

0.04 -

Expected (geometric) return

0.03 - |

0.025 - ]

| | | | |
0.06 0.08 0.1 0.12 0.14 0.16 0.18
Volatility (std dev)

36 QMG'



0.4

0.3

0.2

0.1
a¢>0 .
dy

. . oD
more variance is good (E > 0)

il

05 | | | | | | | | S~
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Var(ln W)
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An example — stock-bond allocation

Optimize pure shortfall utility function: ag=1,a; =0,44 =10

Stock weights as a function of target compounding rate and horizon Power utility weights
Target

Compounding A Weight
Rate
2% 24% 29% 31% 33% 35% 38% 6 37%
3% 25% 31% 35% 38% 41% 47% 5 41%
4% 26% 34% 40% 44% 49% 59% 4 48%
5% 28% 38% 46% 52% 59% 74% 3 29%
6% 29% 43% 53% 61% 70% 89% 2 81%
7% 31% 49% 61% 71% 82% 104% 0.5 103%
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Sensitivity to expected returns — iid case

100% I |
-~ Mean variance (A = 3)
— Shortfall utility: 7= 10, TCR = 5%
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5. Two period binomial model example

What do you need and when do you need it?
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Two period binomial model

A simple example

» Contrast target compounding rate and target wealth
* Tactical becomes strategic

» Optimization

41 QMG'



Two period binomial model

A simple example

* Two assets

— A store of wealth with zero return, zero volatility

— Avolatile asset with 6% expected real return, and 17% annualized vol

1, = +20%

r = binomial return

Tqa = —15%

42 QMa



How much do you care about not

achieving the target?

Risk aversion at the target is a measure of how much you care

04

0.2 - /
O_

Piecewise power law:

_-02F
< ap=1.0A44,=2.7
5/ A = 0. 3;‘411': 5.0

0.4 r

-0.6 [

-0.8 -

-1 | | | | | ! |
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

W/W*
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Two period binomial model

A simple example to illustrate constant TCR vs. constant wealth target

« Two periods

— Start with W, = $1, target W™ = $1.13
— Invest for two periods

W1 == Wo(l + roxo) - 1 + TOxO
WZ = Wl(l + T‘lxl) = (1 + Toxo)(l + Tlxl)

« How much to invest in the volatile assetatt = 0?

— Maximize expected utility at t = 2

max V(xo, xl)
X0,X1

V(xo,%1) = pupu  UWEY) + pupa U(WE?) + pap U(WEH) + papa U(WE)

— where W} = (1 +r,x0)(1 +rxq), WHE = (1 + 1x0) (1 + 14%7), ...

44 QMG



Two period binomial model

Directly optimizing the two period objective generates a term structure of

portfolios
1.25
1F - -
< Xojo - Optimal weight in X0 - opt.imal weight in
the volatile asset at t = the volatile asset at t =
0, conditional on 1, conditional on
I~ informationatt =0 - information att = 0
05 = -
0 1

45 QMG'



Two period binomial model

x1jo @ccounts for the stochastic dynamics of wealth

1257 W =11

Wy
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Relationship to dynamic programming

Dynamic programming and the direct approach give the same answer for x3|0

Basic problem
max EO [U(Wz)]

X0,X1

WZ = Wo(l + Toxo)(l + Tlxl)
\ J

Wy

Rewrite the basic problem as

max E, [H;IC?X Eq [U(Wz)]]

Dynamic programming works backwards, by
1. first solving J;(W;) = max E;[U(W,)] as a function of W,
X1

2. then solving J,(W,) = max E,[J;(W;)] as a function of W,
Xo

Both the direct method and dynamic programming give the same answer for the
optimal “current” weight x,,, at t = 0, conditional on information at ¢ = 0

a7 QMa
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6. Risk aversion

What do you need and when do you need it?
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How much do you care about not

achieving your target?

«  Asymmetric preferences between shortfall and surplus reflect
how much you care about not achieving your target

— Can we characterize this asymmetry?

49 QMG



How much do you care about not

achieving the target?
Risk aversion at the target is a measure of how much you care

I

I

1.5

Risk aversion = Ay

1-A
1—A¢ (W) ¢—1

------------------
--------
_______
-
———————
-
-
-
-
-
-
-

Risk aversion = A,

Utility

1-A, (W)l_A” .
11— Ap[\ \W" :

|
1.6 1.8

-1.5
0.2 0.4 . .
QM
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Risk premium and risk aversion

How much are you willing to pay to avoid a fair gamble?

* When wealth is either below or above the target

risk premium ~ A, x variance of the gamble

(Agitw <wr

> A IS the coefficient of second order risk aversion
2| Ay if W > W

* When wealth is at the target

risk premium ~ A, x std dev of the gamble
— A; Is the coefficient of first order risk aversion
— When you care about shortfall more than surplus, i.e. ay|1 —Ay| > ay|1 — A,

anll _Anl

A, =1—
' ap|l — Ayl
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First order risk aversion

Is a rough measure of how much you care about not achieving the target

L1-A- .
A =1— Z¢I1_A¢'| if ag|l—Ag| > agll— Ayl
\ J

|

Shortfall matters more than surplus

Pure power law

Pure shortfall Ay Aq,, 0 - 1

Binomial model example 1 2.7 0.3 5 0.29
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Extensions

« Mean reverting expected returns (see SSRN paper)
- Shortfall over a range of times rather than a single point

* Multiple wealth targets

12% —
10% —
8% —

6% —

Probability

4% —

2% —|

58 QMG'



Summary

Investment risk is not having what you need when you need it

Specifying

1. Target wealth or target compounding rate
2. Investment horizon
3. Preferences for shortfall and surplus

leads to a framework that addresses

. What do you need/desire?
. How much do you care about not achieving your need/desire?

1

2

3. What do you have?

4. When do you need/desire it?

Horizon comes to the fore
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Expected utility — shortfall

Objective function depends on “mean”, “variance”, and preferences

« Key point
Expected log wealth Variance of log wealth
®(E[ln W], Var(InW); W*, Ag)
\ )\ ;
Y Y
Depend on how you invest  Investor preferences

« The explicit formula for expected shortfall utility is

1—-A4 1 2
_ ¢ {—N(Zl) n e(l—A¢)(E[ln Wl-In W9)+5(1-44) Var(nw) N(Zz(Aq;))}
|1 - Ay
— Definitions

— N(-) = standard cumulative normal
__In w*—E[In W]

- Z; = Faranw Z3(Ap) = 21 — (1 — A¢)\/Var(ln W)

« Resembles price of a European put option for stock price = strike price = 1
— P=—-N(—d,)+e "'N(—d,)
— But results from straightforward evaluation of the expectation integral, there are
no replicating portfolios or no arbitrage assumptions
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Reward and investment risk

Multiple target compounding rates

1.2 T |
—TCR = 4% r=2
—TCR = 5% T =20
——TCR = 6%
1 — —
0.8 N
S
=
=
| 0.6 _
=
=
=
0.4 -
0.2 i
0 | | | | | | | | |
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22

Expected shortfall ()
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Reward and investment risk

Vary target compounding rates

I
09 +—T=5 TCR = 7%
—T=10
—T=15
0.8 - TCR - 5%
0.7 - TCR = 3%
S
% 0.6 - TCR = 7%
h _
Los TCR = 5%
=04
03
TCR = 5% L OR =%
0.2
01 | | | | | |
-5% 0% 5% 10% 15% 20% 25%

Expected wealth shortfall
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Notes to Disclosure

IMPORTANT INFORMATION

The information contained herein is provided by Quantitative Management Associates LLC (“QMA”). This document may contain confidential information and the recipient hereof
agrees to maintain the confidentiality of such information. Distribution of this information to any person other than the person to whom it was originally delivered and to such person’s
advisers is unauthorized, and any reproduction of these materials, in whole or in part, or the divulgence of any of its contents, without the prior consent of QMA, is prohibited. These
materials are not intended for distribution to or use by any person in any jurisdiction where such distribution would be contrary to local law or regulation. Certain information in this
document has been obtained from sources that QMA believes to be reliable as of the date presented; however, QMA cannot guarantee the accuracy of such information, assure its
completeness, or warrant such information will not be changed. The information contained herein is current as of the date of issuance (or such earlier date as referenced herein) and
is subject to change without notice. QMA has no obligation to update any or all such information; nor do we make any express or implied warranties or representations as to the
completeness or accuracy. Any information presented regarding the affiliates of QMA is presented purely to facilitate an organizational overview and is not a solicitation on behalf of
any affiliate. These materials are not intended as an offer or solicitation with respect to the purchase or sale of any security.

These materials do not take into account individual client circumstances, objectives or needs. No determination has been made regarding the suitability of any securities, financial
instruments or strategies for particular clients or prospects. The information contained herein is provided on the basis and subject to the explanations, caveats and warnings set out
in this notice and elsewhere herein. Any discussion of risk management is intended to describe QMA’s efforts to monitor and manage risk but does not imply low risk.

Enhancements represent the results of ongoing research initiatives intended to continually advance the design of QMA’s model. An enhancement or collection of enhancements
does not constitute a material change to QMA’s investment philosophy or strategy unless otherwise communicated to all clients.

Investing in securities involves risk of loss that investors should be prepared to bear. In addition, model-based strategies present unique risks that may result in the model’s not
performing as expected. These risks include, for example, design flaws in the model; input, coding or similar errors; technology disruptions that make model implementation difficult
or impossible; and errors in externally supplied data utilized in models. To the extent that portfolio manager judgment is applied to model output, decisions based on judgment may
detract from the investment performance that might otherwise be generated by the model. No investment strategy or risk management technique can guarantee returns or eliminate
risk in any market environment.

The financial indices referenced herein are provided for informational purposes only. The manager’s holdings and portfolio characteristics may differ from those of the benchmark(s).
Additional factors impacting the performance displayed herein may include portfolio-rebalancing, the timing of cash flows, and differences in volatility, none of which impact the
performance of the financial indices. Financial indices assume reinvestment of dividends but do not reflect the impact of fees, applicable taxes or trading costs which may also
reduce the returns shown. You cannot invest directly in an index. The statistical data regarding such indices has been obtained from sources believed to be reliable but has not
been independently verified.

These materials do not purport to provide any legal, tax or accounting advice.
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